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Abstract
For massless scalar fields, a relation ∆n =
√
3
2
pi for n → ∞ was observed in the scalar-Gauss-
Bonnet theory. In the present paper, we extend the discussion by including a nonzero scalar field
mass. For massive scalar fields, we show that the relation ∆n =
√
3
2
pi for n → ∞ still holds. We
demonstrate this relation with both analytical and numerical methods. The analytical analysis
implies that this relation may be a very universal behavior.
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2I. INTRODUCTION
The recent gravitational wave observation confirmed the existence of astrophysical black holes in nature [1–
3]. Future more precise detection of gravitational waves may also can be used to examine various black holes
theories. A well known property of black holes is the no hair theorem, which suggests that asymptotically
flat black holes cannot support the formation of scalar field hairs, see references [4]-[11] and reviews [12, 13].
This no hair theorem is a very general property and it still holds even including the non-minimally coupling
between scalar fields and the Ricci curvature [14–16].
Interestingly, it was recently found that the no hair theorem is violated when considering a non-minimally
coupling between scalar fields and the Gauss-Bonnet invariant [17–20]. In particular, this scalar-Gauss-
Bonnet coupling also provides a mechanism that a thermodynamically unstable pure black hole evolves into
a thermodynamically more stable hairy black hole [18, 19]. This intriguing mechanism is usually called
spontaneous scalarization, which was firstly found in the background of neutron stars [21]. As a further
step, spontaneous scalarization of Kerr black holes was also observed in the scalar-Gauss-Bonnet theory
[22]. In fact, spontaneous scalarization is a very general property and it also can be triggered by non-minimal
couplings between scalar fields and Maxwell fields [23, 24]. At present, spontaneous scalarization phenomenons
were observed in various completed gravity models [25–37]. In addition, analytical properties of black hole
spontaneous scalarization were explored in [38–40]. In particular, for massless scalar fields, an interesting
relation ∆n =
√
η¯n+1 − √η¯n =
√
3
2 pi was obtained through WKB approach in [38] and this relation is also
precisely supported by numerical data in [19]. Whether this relation is a universal behavior is still a question
to be answered. In this work, we plan to examine whether this relation holds for scalar fields with nonzero
scalar filed mass.
The rest of this paper is as follows. We start by introducing a model with a massive scalar field coupled to
the Gauss-Bonnet invariant in the black hole spacetime. For massive scalar fields, we obtain a relation, which
was firstly found in the case of massless scalar fields. We demonstrate this relation with both analytical and
numerical methods. The conclusions are given in the last section.
3II. INVESTIGATIONS ON THE COUPLING PARAMETER THROUGH THE WKB METHOD
We study the system with a real scalar field non-minimally coupled to the Einstein gravity. The model is
described by the Lagrange density [17–20]
L = R−∇ν∇νΨ− µ2Ψ2 + f(Ψ)R2GB. (1)
Here R is the Ricci scalar of the metric. Ψ is the scalar field with mass µ. The term R2GB is the Gauss-Bonnet
invariant expressed as R2GB = RαβρσRαβρσ − 4RαβRαβ +R2. In the Schwarzschild black hole background, it
is given by R2GB = 48M
2
r6 [38, 39, 41, 42]. The function f(Ψ) describes the coupling between the scalar field
and the Gauss-Bonnet invariant. In the linearized regime, without loss of generality, the coupling function
can be taken in the form f(Ψ) = ηΨ2, with η as the coupling parameter [38, 39, 41, 42].
The scalar field equation of motions is
∇ν∇νΨ− µ2Ψ+ f
′
ΨR2GB
2
= 0. (2)
The line element describing a spherically symmetric black hole solution is
ds2 = −g(r)dt2 + dr
2
g(r)
+ r2(dθ2 + sin2θdφ2). (3)
The metric function of a scalar free Schwarzschild black hole is given by g(r) = 1 − 2Mr with M as the black
hole mass. The black hole horizon rh = 2M is determined by the relation g(rh) = 0.
According to relations (2) and (3), the scalar field equation can be expressed in the form [41, 42]
Ψ′′ + (
2
r
+
g′
g
)Ψ′ + (
ηR2GB
g
− µ
2
g
)Ψ = 0 (4)
with g = 1− 2Mr and R2GB = 48M
2
r6 .
At the horizon rh = 2M , we take finite boundary conditions [38]
Ψ(rh) <∞. (5)
In the far region, the general asymptotical behavior of massive static scalar fields are Ψ(r →∞) ∼ A1r e−µr+
B1
r e
µr with A1 and B1 as constants. For bounded scalar fields, we impose the relation B1 = 0. So the infinity
boundary condition is [39, 41, 43, 44]
Ψ(r →∞) ∝ 1
r
e−µr. (6)
4We introduce a new function ψ = rΨ. Then there is ψ(r → ∞) → 0. We also take the tortoise radial
coordinate y defined by the relation
dr
dy
= g(r). (7)
With relations (4), (7) and R2GB = 48M
2
r6 , we derive the Schro¨dinger-like differential equation
d2ψ
dy2
− V ψ = 0 (8)
with the effective potential expressed as
V (r) = (1 − 2M
r
)(
2M
r3
+ µ2 − 12ηM
2
r6
). (9)
The Schro¨dinger-like radial differential equation (8) can be studied through a standard WKB analysis. For
a bounded scalar field, there is a well-known quantization condition [38]
∫ y+
y
−
dy
√
−V (y, η) = (n− 1
4
)pi; n = 1, 2, 3, . . . , (10)
where y± are the classical turning points derived from V (y±) = 0. And n is a positive integer.
With the relation (7), we can transfer the resonance condition (10) into
∫ r+
r
−
dr
√
−V (r, η)
g(r)
= (n− 1
4
)pi; n = 1, 2, 3, . . . , (11)
where the two turning points r± are determined by V (r±) = 0 from equations
1− 2M
r−
= 0 (12)
and
2M
r3+
+ µ2 − 12ηM
2
r6+
= 0. (13)
Then the turning points are
r− = 2M, r+ = (
12η
1 +
√
1 + 12ηµ2
)1/3. (14)
Substituting (9) into equation (11), we obtain the relation
∫ r+
r
−
dr
√
12ηM2 − µ2r6 − 2Mr3
r6(1− 2Mr )
= (n− 1
4
)pi; n = 1, 2, 3, . . . . (15)
5For fixed values of η, µ and M , the integration on the left side of (15) is finite. From the relation (15), for
fixed µ and M , there is η → ∞ in the limit of n → ∞. Also considering (14), it yields r+ → ∞ in the limit
of n→∞. In the large n limit, the left side of (15) can be approximated by
∫ r+
r
−
dr
√
12ηM2 − µ2r6 − 2Mr3
r6(1− 2Mr )
=
∫ ∞
2M
dr
√
12ηM2
r6(1− 2Mr )
. (16)
According to (16), the relation (15) can be expressed as
∫ ∞
2M
dr
√
12η¯M4
r6(1− 2Mr )
= (n− 1
4
)pi for n→∞, (17)
where we define a new dimensionless parameter η¯ = ηM2 using the symmetry r → γr, µ→ µ/γ, M → γM, η →
γ2η of equation (4). According to the integration
∫∞
2M dr
√
12M4
r6(1− 2M
r
)
= 2√
3
, one deduces the expression
√
η¯n =
√
3
2
(n− 1
4
)pi. (18)
The discrete resonant spectrum (18) yields a relation
∆n =
√
η¯n+1 −
√
η¯n =
√
3
2
pi. (19)
We mention that the relation (19) is the same as the case of massless scalar fields in [38]. Our analysis implies
that this relation may hold for very general models with the property that r+ → ∞ as n → ∞. Since the
WKB approach is an approximate method, we still have to examine the relation with numerical data.
III. NUMERICAL EXAMINATION OF THE UNIVERSAL BEHAVIOR
In this part, we examine the relation (19) with numerical solutions by integrating the equation (4) from
the black hole horizon to the infinity. Using the symmetry ψ → κψ of equation (4), we can take ψ(rh) = 1
without loss of generality. From mathematical aspects, it is a boundary value problem. For fixed parameters
µ2 andM , we find discrete η, which leads to bounded scalar field solutions satisfying the boundary conditions
ψ(rh) = 1 and ψ(∞) = 0.
With µ2 = 0.002 and M = 1, we choose different values of η to try to search for the proper η corresponding
to a scalar field decaying at the infinity. We numerically obtain a discrete value η ≈ 3.110, which leads to the
solution with Ψ(∞) = 0. We plot the physical solution with blue curves in the left panel of Fig. 1. With a
larger discrete value η ≈ 20.263, we get a solution with one node as shown in the right panel of Fig. 1. In
fact, we can also get physical solutions with many nodes.
With numerical solutions, we can examine whether the relation (19) holds. We study effects of scalar field
mass µ2 and node number n on the discrete dimensionless coupling parameter η¯(µ2, n). With M = 1, we
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FIG. 1: (Color online) We show the scalar field Ψ(r) as a function of the coordinate r with µ2 = 0.002 and M = 1.
The left panel corresponds to the case of η = 3.110 and the right panel is with η = 20.263.
choose µ2 = 0.002 in Table I and µ2 = 0.004 in Table II. The data shows that, for nonzero scalar field mass µ2,
∆n =
√
η¯n+1 −
√
η¯n → 2.72 for very large n. Since
√
3
2 pi ≈ 2.72× 1.0003, we have numerically demonstrated
the analytical relation (19). For larger mass µ2, we usually need a larger n to obtain the limit value η¯ ≈ 2.72,
as can be seen from Table I and Table II.
TABLE I: The parameter η¯ with µ2 = 0.002 and M = 1
n 1 2 3 4 6 n 6 28 n > 29
η¯ 2.74 2.74 2.74 2.73 2.72
TABLE II: The parameter η¯ with µ2 = 0.004 and M = 1
n 1 2 3 6 n 6 5 6 6 n 6 41 n > 42
η¯ 2.75 2.75 2.74 2.73 2.72
IV. CONCLUSIONS
We investigated formations of scalar clouds outside asymptotically flat spherical black holes. We considered
massive scalar fields non-minimally coupled to the Gauss-Bonnet invariant. For massive scalar fields, with
WKB methods, we analytically obtained a relation ∆n =
√
η¯n+1 − √η¯n =
√
3
2 pi in the limit of n → ∞. We
numerically found ∆n =
√
η¯n+1−√η¯n → 2.72 in the limit of n→∞. Considering the fact
√
3
2 pi ≈ 2.72×1.0003,
we numerically demonstrated the relation ∆n =
√
η¯n+1−√η¯n =
√
3
2 pi in the large n limit. In fact, this relation
was firstly obtained in the case of massless scalar fields in [38] and supported by numerical data in [19]. We
also pointed out that the WKB analysis could be generalized to more general models, which implies that the
relation may be a very universal behavior.
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